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1 Introduction

The financial sector plays a central role in the modern economy, as is evident from the wide and
deep macroeconomic impact of the recent global financial crisis in 2007-2009. There are at least
two channels through which the financial sector can influence the aggregate real economy (see,
e.g., Levine (2005)): 1) the financing of capital; 2) the production of information about investment
opportunities. An exploding financial accelerator literature has shown, both theoretically and
empirically, that the financial sector can influence business cycles through the financing channel.!
In this paper we explore the feedback effect from the financial market to the real economy due
to the informational role of financial prices. Unlike the conventional view that prices can help to
efficiently allocate economic resources in a free market by signaling relevant information to economic
actors (Hayek (1945) and Grossman and Stiglitz (1980)), we argue that the informational role of
financial markets in allocating resources can be impaired by investors’ sentiments or sunspots.
The sentiment-driven asset prices in turn may influence real activities and shape macroeconomic

fluctuations.

We are motivated by a large empirical finance literature that has documented that investor
sentiment in financial markets can affect asset prices (see, e.g., the surveys by Hirshleifer (2001)
and Baker and Wurgler (2007)). The aggregate (macro)-level asset prices are in particular sensitive
to investor sentiment, which in turn impacts corporate financing and investment (Lamont and
Stein (2006)). The recent empirical work of Angeletos, Collard and Dellas (2014) also finds that
business cycle fluctuations can be attributed to sentiments. Levchenko and Pandalai-Nayar (2015)
identify the sentiment shock as being more important than other factors in explaining business

cycle comovement between the US and Canada.

We formalize our idea in a simple baseline three-period rational expectations model consisting
of a continuum of investors and workers. The investors live from period 0 to period 1. They
are the initial capital owners. The workers live from period 1 to period 2. The only fundamental
uncertainty in the economy is the aggregate total factor productivity (TFP) shock in the last period
(period 2). We assume, in the baseline case, that only the investors have information about the TFP
shock. The TFP shock in period 2 directly affects the workers’ return on capital holdings in period
2 (which are their labor income savings from period 1) and hence their incentive to supply labor in
period 1. As capital and labor are complements in production, the workers’ labor supply in period
1 in turn affects the investors’ return on capital held from period 0 to period 1. In such an economic
environment, the investors in period 0 will need to forecast the level of aggregate economic activity,

that is, employment and output in period 1. On the other side, forming expectations about the

!'See, e.g., the seminal work of Bernanke and Gertler (1989) and Kiyotaki and Moore (1997) and a recent excellent
survey by Brunnermeier et al. (2013).



behavior of the investors, the workers can obtain information from the price of capital in period
0 about the return on their capital savings for period 2. This two-way interaction between the

financial market and the real economy is at the heart of our mechanism of sentiments.

Suppose that somehow exuberant sentiments lead the investors to believe there will be a boom
in output in period 1. Then they conjecture that the demand for capital and therefore return on
capital will be high. Competition in the financial market will push up the capital price in period O.
However, the workers cannot tell whether the high capital price is due to the investors’ sentiments
or their signal of a high TFP in period 2. After solving a signal extraction problem, they will
attribute the high price partially to a high TFP in period 2. Their actual labor supply will indeed
increase, resulting in an actual boom in output in period 1. So the investors’ initial belief will be
confirmed. We show that there exist sentiment-driven equilibria, in which the capital price reflects
both sentiment and TFP shocks. Under these rational expectations equilibria, Bayesian optimal
signal extraction will result in an actual labor supply of workers that is always equal to investors’

conjectured labor supply.

The sentiment-driven fluctuation studied in our baseline model links the Keynesian notions of
“beauty contests” and “animal spirits”. What matters to an individual investor is not his own
assessment of the fundamentals, but his conjecture about the actions of other investors, as in a
standard beauty contest game. Under the feedback effect, the asset price can influence real decisions
and generate complementarities between the actions of investors. Thus, the sentiment shocks in

financial markets endogenously drive the fundamentals and generate aggregate output fluctuations.

In our framework of the macroeconomy with feedback effects, we also derive implications for
asymmetric non-linear asset prices and for economic contagion and co-movement across countries.
First, we show that our sentiment-driven equilibria can be non-linear: When the fundamental value
is high, the asset price only reflects fundamentals; when the fundamental value is low, the asset
price is driven by both fundamentals and sentiments. Essentially, if investors perceive that the real
side of the economy is affected by sentiments only for low fundamentals, their beliefs can become
self-fulfilling under the two-way feedback. In such non-linear equilibria, the price informativeness
is asymmetric in fundamentals and the asset price exhibits a large discontinuity such that asset
price collapses occur sometimes with a small change in economic fundamentals. This can help
explain some asset price puzzles, as for example documented by Culter et al. (1989). Second,
empirical evidence suggests that asset price contagion cannot be explained by fundamentals.? A
prominent feature of the recent Great Recession is that it was global, even affecting many emerging
countries with heavy capital controls. Perri and Quadrini (2013) document that all major industri-

alized countries experienced extraordinarily large and unprecedentedly synchronized contractions

%See, e.g., the findings of Karolyi and Stultz (1996) and King and Wadhwani (2000).



in output and asset prices during the Great Recession. Our model is able to characterize such syn-
chronization. Due to the informational feedback between the financial market and the real economy;,

investors’ perception of synchronization across countries can lead to actual synchronization.

Finally, we extend our baseline model to a dynamic setting of an overlapping generations (OLG)
model. In the dynamic setting, the current savings of workers become the capital stock in the
subsequent period. The capital stock therefore is dynamically linked across periods through savings.
In the sentiment-driven equilibria, capital accumulation, as well as output and employment, is
driven not only by the private future productivity signals received by investors, but also by their
sentiments. Hence, i.i.d. sentiment shocks can generate persistent fluctuations in output and
unemployment. As persistence is a defining feature of all business cycles, this extension illustrates
that sentiments also hold the promise of explaining the persistence in real data. While building a
full DSGE model and confronting it with data is beyond the scope of this paper, the mechanisms

developed herein can lay the ground for such work.

The OLG model also generates a number of predictions about asset prices over the business
cycle. First, we show, with a closed-form solution, that the risk premium is increasing in sentiment
volatility. When the sentiment volatility increases, the asset price contains noisier information
about future fundamental shocks and hence the investors demand a higher premium on the risky
investment. This implies that an economy with higher investor sentiment volatility in financial
markets will have a higher risk premium in asset returns. Emerging markets, for example, are
more likely to experience higher sentiment volatility because of lower transparency in information
disclosure. This may partially explain why these countries typically have larger risk premia than
the developed economies (see Salomons and Grootveld (2003) for the empirical evidence). The
same argument also implies that as information transparency improves in the same country over
time, the risk premium will decline. This is consistent with the evidence showing that the equity
premium has declined (Lettau et al. (2008), Fama and French (2002)) after the enactment of
new disclosure requirements in 1980 (Fox et al. (2003)). Second, our model shows that time-
varying sentiment volatility yields a time-varying risk premium. Several empirical studies have
documented that investors’ sentiment may be affected by the change of seasons.®> The seasonal
change in the sentiment volatility thus can generate seasonal self-fulfilling equilibrium fluctuations
in the risk premium. Our model hence provides a rational framework to explain the financial market
seasonality, which is in general regarded as a market anomaly in the context of the efficient market

hypothesis.? Interestingly, the seasonality in asset returns is primarily a small-firm phenomenon,

3Saunders (1993) finds that the number of hours of sunshine affects people’s mood and hence market returns.
Hirshleifer and Shumway (2003) provide some international evidence on the sunshine effect. Kamstra, Kramer and
Levi (2003) provide further compelling evidence of a link between the seasonal depression due to the seasonal affective
disorder (SAD, also known as winter blues or winter depression) and seasonal variations in stock returns.

*See De Bondt and Thaler (1987) for an excellent survey of the empirical evidence.



consistent with our theoretical prediction. Baker and Wurgler (2006) document that smaller firms

are more likely to be affected by investor sentiments.

Related literature. Our paper relates to several strands of literature. First, our paper adds
to the growing recent literature that studies the feedback effect from financial markets to the real
side of the economy due to informational frictions. A number of contributions to this literature use a
partial equilibrium model to study one firm or a de-facto-one-firm aggregate economy. For example,
a firm manager obtains information about the return on his own firm’s investment (typically ex-
ogenously given) from financial markets. Bond, Edmans and Goldstein (2012) provide an extensive
survey of this literature.” Luo (2005), Chen et al. (2007), Bakke and Whited (2010), Foucault and
Fresard (2014), among others, provide empirical evidence for the feedback effect. Our work brings
this growing micro literature on informational feedback effects to a macroeconomic model. In our
model with a general equilibrium framework, agents form expectations and undertake investments
based on information from financial markets about the aggregate state of the economy. A key fea-
ture of our model therefore is that the noisy information and prices are correlated through general
sentiments about the aggregate economy, and can generate non-fundamental rational expectations
equilibria.® We believe that our study of the feedback effect operating through the macroeconomy
is important. In fact, when firms decide how much to produce, the market demand for their goods
would be heavily influenced by the level of aggregate demand and the state of the economy. On the
other hand, the financial price indexes, which reflect forward-looking views of most sophisticated

investors, are widely seen as a barometer of the aggregate economy.

Our paper is closely related to Angeletos, Lorenzoni and Pavan (2010) and Goldstein, Ozde-
noren and Yuan (2013). These papers also study the interaction between the real sector and the
financial market. In Angeletos, Lorenzoni and Pavan (2010), information spillover flow from the
real sector to the financial sector, which can generate a strategic complementarity in investment,
amplify non-fundamental shocks, and create multiple market equilibria under certain conditions.
The non-fundamental shocks in their model come from the correlated errors in information about
the fundamentals. In contrast, the non-fundamental shocks in our model come from investors’ sen-
timents. We establish the existence of a continuum of sentiment-driven equilibria and also study
nonlinear asymmetric sentiment-driven equilibria. In fact, a long tradition in macroeconomics has

resorted to models that feature multiple equilibria to explain “non-fundamental” fluctuations in

SFor the theoretical work, see, e.g., Fishman and Hagerty (1992), Leland (1992), Dow and Gorton (1997), Sub-
rahmanyam and Titman (1999, 2013), Hirshleifer et al. (2006), Foucault and Gehrig (2008), Goldstein and Guembel
(2008), Ozdenoren and Yuan (2008), Bond et al. (2010), Kurlat and Veldkamp (2012), Sockin and Xiong (2012),
Goldstein and Yang (2013), and Huang and Zeng (2014).

5The multiplicity of equilibria in our model may be understood in terms of the correlated equilibria induced by
market sentiments. See Aumann (1987), Maskin and Tirole (1987), Aumann, Peck and Shell (1988), Peck and Shell
(1991), Bergemann and Morris (2011), and Benhabib, Wang and Wen (2015). Correlated signals can coordinate
actions of firms and of workers to produce additional rational expectations equilibria.



terms of “animal spirits”. Equally importantly, we apply our mechanism to the international syn-
chronization of business cycles across countries as well as dynamic OLG economies, which provides
a novel channel to explain how financial markets can affect business cycle fluctuations.” Goldstein,
Ozdenoren and Yuan (2013) study information spillovers from the financial market to the real sec-

8 as in our paper. “Trading frenzies” can arise in their model as the capital provider in the

tor,
real sector optimally extracts information about investment returns from the financial price driven
by the speculators’ correlated signals. The key mechanism of their model is that the informational
feedback between the financial market and the real sector can generate complementarities in trad-
ing of speculators, namely, speculators all wish to trade like others. The authors introduce noise

traders and focus on parameters that give a unique equilibrium, different from ours.”

Second, our work is related to a set of papers that emphasize informational frictions in explain-
ing asset price puzzles. Yuan (2005) and Barlevy and Veronesi (2003) explain the asymmetric and
nonlinear response in asset prices in a framework of informational frictions in an exchange economy.
We show that our sentiment-driven equilibria can also generate such asymmetric responses in asset
prices in a production economy. Gaballo (2013) shows that the introduction of an arbitrarily small
degree of price dispersion can generate large departures from the perfect-information benchmark.
Like ours, his model is fully microfounded. His mechanism crucially depends on dispersed informa-
tion. Equilibrium multiplicity in our model exists even without dispersed information and instead
stems from the two-way feedback between the financial market and the real economy. Benhabib
and Wang (2013) construct a sequential trading model without noise traders, in which short-
term traders condition their trades both on private signals from fundamentals and on sunspots.
Investors purchase the assets in centralized markets using market prices to form Bayesian expecta-
tions about final period returns. Benhabib and Wang (2013) show the existence of a continuum of
non-fundamental sunspot equilibria. Our paper differs from theirs in that the connection between
sentiments and the real economy is absent in their paper and they do not address feedback effects

from the financial market to the real economy arising from informational frictions.

Third, our paper is related to some other recent work on self-fulfilling business cycles, which has

generated renewed interest after the recent financial crisis.!? Perri and Quadrini (2013) use self-

TAllen, Morris and Shin (2006) also study market structures with sequential trading by differentially informed
short-horizon traders who receive noisy public signals. They show that the public signals can indeed be over-weighted
by short-term traders interested in predicting average expectations relative to the private information of final payoffs,
giving rise to a Keynesian beauty contest in market prices. See also Morris and Shin (2002).

8See also Goldstein, Ozdenoren and Yuan (2011) and Goldstein and Yang (2013).

9See also Albagli, Hellwig and Tsyvinski (2013) where informed and uninformed traders face limits on their asset
positions. Demand fluctuations from realizations of fundamentals, or from noise traders, alter the identity of the
marginal investor. This can drive a wedge between prices and expected returns from the perspective of an outsider,
and generate excess price volatility relative to fundamentals. Albagli, Hellwig and Tsyvinski (2014) endogenize
security cash flows as the outcome of firm decisions.

10Using a different approach with bilateral trades and Bayesian updating of information, Angeletos and La’O (2012)
also derive sentiment-driven business cycles without using sunspots or multiple equilibria.



fulfilling expectations to explain a global recession in a two-country model with financial integration.
Similarly, Bacchetta and Wincoop (2013) construct a two-period two-country model with both
a financial linkage and a trade linkage. The self-fulfilling beliefs in their model rely on a real
complementarity between future and current output. These papers do not, however, study the two-
way interaction between the financial market and the real economy emphasized in our paper. In a
closed-economy setting, Benhabib, Wang and Wen (2015, 2013) study self-fulfilling business cycles
in a modified Dixit-Stiglitiz monopolistic competition model. In their model, firms receive quantity
signals on their idiosyncratic demand and aggregate output. Firms, in optimally choosing their
output, observe their signal and partially attribute it to aggregate demand, which then becomes
self-fulfilling. Financial markets play no role in their model. In contrast, our paper emphasizes the
two-way feedback between the financial market and the real economy and shows that the financial

markets can be a source of endogenous signals generating self-fulfilling fluctuations.

The paper is organized as follows. Section 2 lays out the baseline model and Section 3 presents
the equilibria. Section 4 generalizes the baseline model by allowing more general information
structures. Section 5 studies further implications of the model on non-linear asset prices and
economic contagion and co-movement. Section 6 extends the model to a dynamic economy setting.

Section 7 concludes.

2 The Baseline Model

We start with a three-period baseline model with a financial sector and a real sector. The financial
sector consists of a continuum of investors with unit mass. The real sector has a representative
competitive firm and a continuum of workers with unit mass. The investors live from period 0 to
period 1 but only consume in period 1. Each investor is endowed with Ko = 1 unit of capital in
period 0. Investors trade their capital in the financial market with price Py in period 0. Each unit
of capital will allow its owner to receive R; units of dividend (final goods) in period 1, where Ry
will be endogenized. The workers live from period 1 to period 2 but only consume in period 2. The
workers supply labor in periods 1 and 2 to the competitive firm. The workers use their wage income
in period 1 to purchase final goods to save, thereby becoming the owners of capital in period 2.
The competitive firm combines capital and labor to produce final goods that can be used both for

consumption and as new capital according to the production function
Yy = AKPN, T, (1)

where A; is productivity (TFP), K is the firm’s capital input and Ny is the firm’s labor input in
period t = 1,2. Capital fully depreciates after production in each period.



The Firm The firm solves a trivial problem. Let W; and R; be the real wage and the rental

price (dividend) of capital, respectively. The profit maximization yields

Wt = (1—a)Ath‘Nt_°‘,
R, = aAKM 1IN/

Financial Market and Information Structure The financial market opens in period 0 and
the investors trade their capital among themselves, based on their private information. Trading
capital is equivalent to trading shares of firms in the financial market. That is, equivalently, the
representative firm has Ky = 1 unit of shares, each of the continuum of investors holds Ko = 1
unit of shares in period 0, and each share receives R; units of dividend (final goods) in period 1;
hence, the capital price can be interpreted as the equity (share) price of the representative firm.
The only fundamental uncertainty in the economy is As. Specifically, A; = 1 and log Ay = ag ~
N (—%ag, Jg). We assume that as is realized in period 2. But the investors, as the initial capital
holders, receive advance information (news) about ap in period 0.!! The workers do not have
information about ag, but they can extract some information about it from the price of capital. We

start off with this simple information structure in the baseline model to highlight the key mechanism
of our model. Later we will generalize the information structure.
The investors The continuum of investors receive a perfect signal about as in period 0. We

index investors by j for notational convenience. Investor j sells 1 — Kj; capital in period 0 and

holds K1 to period 1. His consumption in period 1 is hence given by
le = Po(l — Kjl) + RlKjl-
The investor’s optimal capital holdings, K1, are given by
E[C;1|9Q;
max B[Cj1l o),

that is,
max E[ (R1 — Po) K;1/Q50), (2)

i1
where Qo = {a2, Po} = Q is the information set of investor j in period 0.

The workers We index workers by 7. A worker consumes in period 2 and supplies labor to

the firm in both periods 1 and 2. The workers’ utility function is given by

Ui _ Cﬂ o 1/} Nl—i—v B 1/)2 N1+'y

14+~ 4 14~ 2

i

A large literature in macroeconomics has documented the importance of news shocks in explaining stock prices
and business cycles (see, e.g., Beaudry and Portier (2006)).



for v > 0. Worker i’s budget constraints are
Kiz = WiNi, (3)

Cia = Ro Ko + WaNja. (4)

For simplicity, we assume that the workers supply their labor inelastically in period 2, i.e., Njo = 1.
This is automatically true if we assume ¥, = 0. Allowing an elastic labor supply in period 2
complicates the algebra but does not change the model results qualitatively. Later when we study
the OLG model, this assumption becomes unnecessary. Denote by Q;; = {R1, W1, Po} = 3 the
information set of worker 4 in period 1. Using the budget constraints of (3) and (4), the worker’s

labor decision in period 1 is given by

(N
H]%/E}lXE RQWlNrL'l - m]\fﬂ W‘Qﬂ . (5)

Figure 1 summarizes the timeline of the model setup, where sentiment shock z will be explained

shortly.
Investors Workers
p N )

period 0 period 1 period 2
 Investors receive signal about a, « Investors supply capital = Workers supply capital and labor

and sentiment shock z Warkers supply labor Firm produces
» Investors trade capital Firm produces » Workers obtain labor and

with financial price Pq « |nvestors obtain capital income capital income, and consume

and consume
o Workers obtain labor income
and save

Figure 1: Timeline
The first-order condition of the investors’ problem in (2) is
0 = B[Ry — Po|Q] (6)
and the first-order condition of the workers’ problem in (5) is

YN} = WiE[Ry|Q]. (7)



We also have

Wi=(0-a)A KN Ry = aA K¢ N~ (8)

and

Wy = (1 — a)A2KS, Ry = aAsKy ™" (9)

With the above first-order conditions, we are ready to define an equilibrium formally.

3 Equilibrium

Definition 1 An equilibrium is a set of price functions Py = Py(ag), W1 = Wi(az2), R1 = Ri(ag), Wa =
Wa(az2), Re = Ra(az), and the optimal capital holdings K1 = Kq(ag, Py) for the investors, and the
labor choices Njy = N1(Ry1, W1, Py) for the workers and their capital holdings Ko = Ko(Ry, W1, Py)

in period 2 such that: 1) Equations (6) to (9) are satisfied; 2) all markets clear

/Kﬂdj =1
/Nﬂdi = M

/Kigdi = Ko.

We are now ready to characterize the equilibrium. Noticing that the workers are homogeneous
and have the same information set, i.e., {2;; = Q1, we focus on the symmetric equilibrium in which
N;1 = N;j. Finding the equilibrium involves solving for the key endogenous variable Nj from
equation (7). So we first solve W7 and Rs and express them in terms of Nj. The following steps

solve the equilibrium.

1. Given K7 =1 and Ny, we have

Ry = oK{ 'N/™®=aN°
Wi = (1-a)KN;“=(1-a)N,*

2. The capital in period 2 is given by the labor income in period 1. Hence we have

Ky =WiN; = (1 —a)N; ™%

3. We then express Ry in terms of Ny:

Ry = adsK§ ™" = ady [(1— a)NJ 7],



4. In a symmetric equilibrium where N;; = N, equation (7) becomes
NPT — 10 (1 — ) R [Ag|Q] .

5. We normalize 1) *a(1 — a)® = 1 and denote § = - and thus obtain

-1
y+1-(1-a)

N1 = {B [As| ]}’ = {B[A2| 2]}’ . (10)

Notice that ; is equivalent to { Py} as Ry and Wj are both functions of Nj.

6. Finally, the price Py should be consistent with the investors’ rational expectations (equation
(6)), namely,
Py = o [N{~*|Qjo] = o [N] *|az, Py] . (11)

Equations (10) and (11) are the two key equations characterizing the equilibrium. Equation (10)
says that the workers’ labor supply depends on their expectation of the real aggregate TFP shock,
As. The financial market affects the real economy through the information channel as the workers
try to learn As from the financial price. Equation (11) states that the price of capital depends
on the marginal product of capital, which in turn depends on the real economic activities — the
aggregate labor supply Nij. The price of capital in the financial market is higher if the investors
expect an increase in the real activities. Such two-way feedback can generate rich complementarities
between the financial sector and the real sector and may result in multiple equilibria. Since solving
for other variables such as Wy, K5 and Y5 is straightforward via steps 1-4, we will mainly focus on

solving N1 and Py in what follows. We will show three types of equilibria of the model.
Figure 2 illustrates the two-way feedback between the financial market and the real economy.

rational expectations saving for labor income

O\

— l—e
PD:]E[-R'[|P{].GQ_7_] Ry = aN,

Ny = {E[4s| Po]}?

private signals

period 0 period 1 period 2

Figure 2: Two-way feedback between the financial market and the real economy
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3.1 Fully-revealing Equilibrium

We first study an equilibrium where the financial price, Py, fully reveals the fundamental uncertainty
as. We call this equilibrium the fully-revealing rational expectations equilibrium. We have the

following proposition.

Proposition 1 There exists a fully-revealing equilibrium in which
log Py = loga + (1 — «)faq, (12)

and

log N1 = fas. (13)
Proof. The proof is straightforward. It is easy to see that equations (10) and (11) both hold. W

Equation (12) implies that the capital price in period 0 fully reveals as. This is a self-fulfilling
equilibrium. If all investors believe that the dividend R; in the next period depends on ag, compe-
tition in period 0 will result in that in equilibrium the price must fully reveal as. Since the financial
price fully reveals as, the workers face no uncertainty in deciding their labor supply in period 1.
As a result, their labor choice is N1 = exp(faz). Since Ry = aNll_a, the capital dividend indeed
depends on ag and it verifies the investors’ initial beliefs. Hence, (12) and (13) constitute a rational
expectations equilibrium. In this equilibrium, the financial market is informationally efficient, as
the uninformed workers can learn valuable information from the informed investors through the

asset price.

For the fully-revealing equilibrium, the outputs in periods 1 and 2 are
logY1 = (1 —a)log Ny = (1 — «) fay

and
logYs =log {A2[(1 — o) Y1]%} = a2 + a[log(1 — ) + (1 — a) fas],

respectively.

3.2 Non-revealing Equilibrium

However, there also exists a non-revealing equilibrium where the capital price does not reveal

information about as at all. We characterize such an equilibrium in the following proposition.

Proposition 2 There exists a non-revealing equilibrium in which
log Py = log o

11



and

log N1 = 0.

Proof. The proof is straightforward and hence omitted. B

If investors in period 0 think that the workers’ labor supply is N1 = 1 and hence the dividend per
unit capital Ry = olelfa is independent of as, then their advance information about as becomes
irrelevant. The competition in the financial market then drives Py = Ry = aNllfa = «. Under
such a price the workers can learn nothing about as from the capital price, and thus by equation
(10) their labor supply is determined by the unconditional mean of Ay, which by our assumption

is one. Hence, N1 = 1 or log N1 = 0. Again, the investors’ initial belief that Ny = 1 is verified.

For the non-revealing equilibrium, the outputs in periods 1 and 2 are
logY1 = (1 —a)log Ny =0

and

log Yo =log {A2[(1 — a) Y1]*} = ag + alog(1l — «),

respectively.

3.3 Sentiment-driven Fluctuations

We now show that there are other types of equilibria in our model. We call them sentiment-driven
equilibria. Suppose that the investors in the financial market also observe a non-fundamental
shock, z ~ N(0,02), which is affected by their sentiment or psychology. We assume that z and
ay are independent. That is, the information set in period 0 becomes Q9 = {Fy,ag, 2z} = Qo.
We are interested in the equilibrium in which the aggregate labor supply in period 1 takes the
form log N1 = 7o 4+ ¢as + z, where n and ¢ are coefficients to be determined. That is, in such an

equilibrium sentiments matter. We have the following proposition.

Proposition 3 There exists a continuum of equilibria indeved by 0 < o2 < %02 in which the

a’

price Py is given by
log Pp =p+loga+ (1 — «) (paz + z) (14)

and

log N1 = n + ¢az + z, (15)

12



where

\/0%02 — 402
Z p Vo TE (16)

and p=mn=0.
Proof. See Appendiz. B

When investors perceive that log N1 = ¢as + 2z, they believe that the dividend per unit capital,
Ry, is affected not only by the fundamental shock as but also by the sentiment z. Competition in
the financial market in period 0 will then drive the price to Py = R; = olel_a. With this price,
investors are happy to trade. However, for the workers, the price Py now only partially reveals the
fundamental shock as. The workers face a signal extraction problem — using the price to forecast as.
The actual labor supply will then be a function of Py. The size of the fundamental shock relative to
the sentiment shock has to satisfy some restrictions so that the actual labor supply of the workers
is exactly the same as investors think it would be. This explains condition (16). When condition
(16) holds, the initial belief of the investors that log N1 = ¢ag + z is verified. To see this, by (10),
the actual labor supply of the workers is given by log N1 = 0 {E [as|pas + 2] + Lvar(az|pas + 2) },
which can be calculated as log N1 = ¢290_§‘ng (¢az + z). Note that ¢290¢:2fa§
Therefore, Py and N; as defined in equations (14) and (15) indeed constitute a rational expectations

= 1 by rearranging (16).

equilibrium.

For the sentiment-driven equilibria, the outputs in periods 1 and 2 are, respectively,
logY1 = (1 —a)log N1 = (1 — @) (¢az + 2)

and
logYs =log{As[(1 — ) Y1]%} = as + a[log(1l — a) + (1 — a) (¢az + 2)] .

The sentiment-driven fluctuation studied in this subsection links the Keynesian notions of
“beauty contests” and “animal spirits”. What matters to an individual investor is not his own
assessment of the fundamental as and thereby its impact on dividend Rj, but his conjecture about
the actions of other investors, as in a standard beauty contest game. This comes about because
of the feedback from the first stage (period 0) to the second stage (period 1), which generates en-
dogenous complementarities between actions of investors. At the same time, the sentiment shocks
in the financial market affect the real economy through the asset price and generate fluctuations in
aggregate output as if they were driven by “animal spirits”. A long tradition in macroeconomics has
resorted to models that feature multiple equilibria to explain the observed “animal spirits”-styled

fluctuations. In our model, sentiment-based asset prices with informational feedback drive multiple
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equilibria.!?:13

Three remarks on the sentiment-driven equilibria are in order. First, in our model, the capital
price Py is always equal to the dividend R; in period 1 (no arbitrage). Nevertheless, sentiment-
driven equilibria exist because sentiments can endogenously drive the dividend R; in period 1.4
Figure 3 illustrates the continuum of sentiment-driven equilibria. The fully-revealing equilibrium
and the non-revealing equilibrium analyzed in the previous two subsections are two special cases of

the sentiment-driven equilibria. Note that sentiment-driven equilibria exist for o, € (0, %aa], which

means that sentiment-driven equilibria are more likely when o, is higher.

[0} Fully — revealing equilibrium
6
@ N
2
Non—revealing equilibrium
. -
0 boa
2

Figure 3: A continuum of self-fulfilling sentiment-driven equilibria

Second, as in the finance literature, we can use , the reciprocal of the variance of ao

1
Var(az|Po)
conditional on the price, to measure the price informativeness about as. It is easy to calculate

1 0 1

Var(ag|das + 2) T 0— ¢ o2’

12Tn our model setup with asymmetric periods of consumption (of investors and workers), there are two frictions:
the limited participation friction as in a typical OLG model and the informational friction. If we focus on the second
friction only, we are able to prove that the second-best constrained efficiency corresponds to the fully-revealing
equilibrium and the sentiment-driven equilibria are welfare reducing, which gives the welfare implication of the
sentiment-driven fluctuations.

131n our model with a competitive financial market, the investors are price-takers and the collusion among them is
precluded. Empirically, in a large financial market, collusion may be difficult. Nonetheless, for theoretical models of
collusion in financial markets on individual stocks, see Allen and Gale (1992) and also Peck (2014). For recent work
related to ours that also excludes collusion see, for example, Hellwig and Veldkamp (2009), Angeletos, Lorenzoni and
Pavan (2010) and Goldstein, Ozdenoren and Yuan (2013).

M Qentiment-driven equilibria would not be possible if the labor supply is assumed to be constant or exogenously
given. To see this, let us assume that N; = 1 without loss of generality. Equation (11) then immediately implies a
unique price Py = . This differs from Benhabib and Wang (2013), where the sentiment can drive the asset price to
diverge from its underlying dividend.
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which is monotonically increasing in ¢. Hence, if the continuum of equilibria in Proposition 3

(Figure 3) are indexed by ¢ € [0, 6], we can rank them in terms of price informativeness.

Third, it is worth noting that trading based on sentiments in our model is different from noise
trading in at least two aspects. i) Noise traders are irrational and unaware of their mistakes. In
contrast, the investors in our model are fully rational. Although they are aware that a sentiment
shock is non-fundamental, it is optimal for them to trade on the shock if their peers choose to do
so. ii) Noise trading volatility is exogenous and can be arbitrary. By contrast, sentiment volatility

2 2

in our model has an endogenous upper limit, i.e., 02 < %aa as shown in Proposition 3.

Role of the assumptions Here we discuss two assumptions in our model. First, informed
investors are short-lived and they have long-lived information. This assumption is made mainly for
the purpose of introducing the OLG model later in a consistent setup.!® Allen, Morris and Shin
(2006) provide detailed explanations and motivation for this assumption. In the context of our
model, the reason for making this assumption is even stronger. The investors are the initial capital
holders; naturally they may have some advance information about as. More importantly, financial
markets can aggregate the dispersed information of investors (Grossman and Stiglitz (1980)). We
will show in the next section that the investors in our model do not need to have perfect information
or an information advantage over the workers. Second, we assume a Cobb-Douglas production
function under which capital and labor are complementary in production in period 1. Our model

mechanism is robust to the setting with a general CES production function.'6

4 Generalized Information Structures

In the baseline model, we assumed a simple information structure to highlight the core mechanism
of our model. In this section, we generalize our information structure along several dimensions and

show that our result is robust.

5For our baseline model, we can instead assume that investors are long-lived and their consumption occurs in

period 2. This would not change the result of our model under the reasonable assumption that limited commitment

frictions prevent trades between the investors and the workers before workers make their labor decision and obtain

labor income in period 1. Note that investors’ capital in period 0 fully depreciates in period 1 and is not carried over

to period 2. Formally, if investors consume in period 2, an investor’s optimal capital trading decision in period 0 is

given by I}I%aXE[CjzlﬂjoL where ng = R20j17 Cj1 = Po(l — Kj1) +R1Kj1 and R2 = OzAng_l = OtAQ [Nll_a]a_l by
Jj1

noting Ko =Y, = Nll_o‘; we “misuse” notation and use Cj1 to denote savings carried over to period 2 for expositional
simplicity. It is easy to show that the above optimization problem is equivalent to I'Il}aXE[Cj1|QjO].
Jl

'Under a general CES production function, the marginal product of capital and thus its return are still increasing
in labor. So our result of the existence of multiple self-fulfilling equilibria does not change.
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4.1 Dispersed Information and the Implementation of Equilibria

So far, we have assumed that investors have perfect information about fundamental shock as and
sentiment shock z. We now allow for dispersed information. Specifically, the information set of
investor j is assumed to be Qo = { Py, aa+¢j, 2+9;}, where as+¢; is his private signal about ag and
z+ 4 is his private signal about sentiment z. It is also assumed that ¢; ~ N(0,02), §; ~ N (0, 0%),

cov(ej,0;) = 0, and that €; as well as J; is independent across investors.

Under this setup, we can immediately conclude that Propositions 1 and 3 still hold based on the
concept of rational expectations equilibrium (REE).!” In fact, under the “efficient” market price
given in (14) that already fully reflects ¢as + 2, any noise (i.e., €; and J;) on top of az and z have
no value in inferring R = aNll_O‘ when N is given by (15). That is, when investors trade capital
in the financial market, they do not need to condition their decisions on their private information

as the market price is informative enough compared with their private signal.

The question, however, is where the “efficient” price comes from in the first place. Such REEs
raise a natural question about equilibrium implementability (see, e.g., Vives (2014) for more dis-
cussions). Traders do not condition their demand and supply on their private information, yet
the market price somehow magically aggregates their private information and becomes efficient.
In what follows, we study the implementation of the sentiment-driven equilibrium as well as the

fully-revealing equilibrium under dispersed information of investors.

We adopt the approach proposed by Vives (2014) (also used in Benhabib and Wang (2013)).
Unlike in a classic REE trading game where a trader submits his demand conditional on both the
market price and his private signal, in Vives’ trading game, a trader submits his demand function
(schedule) conditional on his private signal only, and then the market auctioneer collects the demand

schedules from all traders and sets a price that can clear the market.

To tailor to the setting of private valuations in Vives (2014), we make an additional but weak
assumption. Beside the dividend R, a scrap value or private benefit in proportion to Ry is derived
when investors hold capital to period 1, in the spirit of Holmstrom and Tirole (1997). Specifically,
the gain per unit of capital that investor j obtains by holding that capital to period 1 is Rie"s,
where u; ~ N (—%ag, aﬁ) measures the heterogeneity across investors in private benefit of holding
capital. Investor j receives private signals sjo = a2 4+ u; +¢; and ljo = z + d; in period 0; that is,
Qjo = {az +uj+¢j, z+6;}. In his eyes, the fundamental value of the capital includes not only as

but also uj, so it is natural to assume that his private signal s;o concerns az + u; and not as.

For simplicity, we also assume that the net demand for capital for an investor is limited up to

'"The non-revealing equilibrium in Proposition 2 naturally holds. We are interested in the fully-revealing equilib-
rium and the sentiment-driven equilibrium where the capital price efficiently aggregates the dispersed information of
investors.
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d > 0 and short sales are not allowed. Denote the demand schedule by d; (po; sjo,ljo), meaning
that investor j's submitted demand function is d; (pp) conditional on his private signals being s;o

and ljo, where pg = log . We have the following proposition.

Proposition 4 There exists a continuum of self-fulfilling equilibria indezed by 0 < 0% < %ag, m

which the demand schedule of investors is

d if $sjo+1j > ro=(Witoga) 4 (Tl BT .
dj (po; 550, Ljo) = fosio+ o = T v (17)
-1 otherwise

and the equilibrium price is given by

po=u"+loga+ (1 —a)(pag + 2)

and
log N1 = ¢as + z

log Ry =pp —u* =loga+ (1 — ) (daz + 2),
where )

9 /0?02 — 402 i} ! (%g) o,

p=-F+——7——— and u =
2 204 2 2 4 9%
O'u—l-O'e—l-?

Proof. See Appendixz. R

The equilibrium outcome in Proposition 4 is essentially the same as that in Proposition 3. The
difference is that now there is an explicit mechanism for aggregating the dispersed information of
investors into the asset price, which in turn influences the decision of workers. The equilibria are
still self-fulfilling. Depending on investors’ expectation of py (i.e., the extent to which the market
price will reflect fundamentals versus sentiments), they will choose different demand schedules,
which will in turn result in different market clearing prices. Sentiments endogenously drive the
dividend R; in period 1. Note that when o2 = 0, Ug = 0 and ljp = 0, the equilibrium corresponds
to the fully-revealing equilibrium about as. In other words, the fully-revealing equilibrium is a

special case of the sentiment-driven equilibrium.

Since we have analyzed the REE implementation under dispersed information, in the follow-
ing sections we will apply the concept of REEs directly if investors or workers have dispersed

information.
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4.2 Private Information of Workers

In this subsection, we assume that not only investors but also workers receive private information
about the TFP shock and the sentiment shock. We show that our result of sentiment-driven equi-
libria is robust to the alternative information structures under REEs. For expositional convenience,

we repeat the equilibrium conditions of (10) and (11) here:
Ny = {B[42|:]} (18)
P() = aolE [Nll_a‘Qjo] . (19)

First, we assume that not only investors but also workers receive signals about As. Specifically,
we assume that the information set for investors in period 0 is Qjo = { Py, a + €j, z + §;} and the
information set for workers in period 1 is ;1 = {Ry, W1, P, aéq + v;}, where sjo = aé +¢j is the
private signal about ag received by investor j in period 0 and s;; = ag + v; is the private signal
about ag received by worker i in period 1. We assume that cov(ag, aé) > 0, cov(ag, af ) > 0 and
cov(ad,atl) = 0. For instance, az = wal + (1 — w) ad!, with 0 < w < 1 and cov(ad, adl) = 0, satisfies
the assumptions. Without loss of generality, we assume that az = al +afl. In addition, we assume
the unconditional distributions to be al ~ N(—30%,0%) and aff ~ N(—30%,0%).

Under the above alternative information structure, we have the following proposition.

Proposition 5 There exists a continuum of sunspot equilibria indexed by 0 < o2 < %a%, in which

the price Py is given by

log Py = loga + (1 — a) (¢ad + 2), (20)
and
logWi =log(l —a) —« [(qﬁag +2) + 9@5[] , (21)
log N1 = (¢aj + z) + 0a3, (22)
where
[02,2 _ 4.2
6= g + 0(;;]40 (23)

Proof. See Appendiz. B

The intuition behind Proposition 5 is similar to that behind Proposition 3. When workers decide
on their labor supply, they need to forecast as = al + all. They can infer as from three pieces of
information: financial price Py, wage W, and their own signal s;; = afl + v;. Wage W efficiently

aggregates all private signals, s;1, to clear the labor market. This can be understood by noting that
1

the total labor demand is N¢ = ( W )_E, which only depends on the wage. The worker labor

1—«
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supply is characterized by some function Nj such that N3 = Nj(Wi,ad + v;, Py). The market
clearing condition requires N{ = [ N3 (W1, all + v;, Py)di, which means Wy = W (P, all) for any
function Nj. Since workers know Py, they can infer a/ perfectly from 7.

We can further generalize the information structure by allowing investors’ and workers’ signals
about As to be correlated. In addition, we can allow workers to also receive some information
about sunspots and their signals on sunspots to be correlated with those of investors. Specifi-
cally we assume that as = aé +d+ ag , where d is a random variable independent of as and
d~ N (—%0‘3,0‘3); al and a4 have the unconditional distributions as previously specified with
cov(ad, atl) = 0. Similarly, we assume that Jiz = 2l x + 2", where 2!, x and 2 all have the stan-
dard normal unconditional distribution, and cov(z, x) = 0 and cov(z!, 2#) = 0. The information
set for investors is assumed to be Qo = { Py, aé +d+¢;, zI—l—X—i—(Sj, d, x} and the information set for
workers is ;1 = {R1, W1, Py, il +d+v;, 2 +x+¢;,d, x}, where ¢; ~ N (0, a?). In other words, the
signals about both as and z are correlated across investors and workers, where d and x represent

common information for investors and workers. Under this alternative information structure, we

show that there exists a continuum of sunspot equilibria indexed by 0 < o2 < %0%, with
log Py = loga + (1 — ) (¢pad + 0.2 + 6d),

log Wi =log(1l — a) — a [(¢a + 0.2" + 0d) + 6al ],

log N1 = (qbaé + o2l + 9d) + Galg,

9 /0?02 — 40?2

==
¢ 2 2071

where ¢ is given by

The proof is very similar to that of Proposition 5 and hence is omitted. A conclusion we can
draw is that as long as there is informational segmentation between investors and workers, but not
necessarily asymmetry (i.e., the investors need not have an information advantage over the workers),
there exist sunspot equilibria.'® So without loss of generality, in the following sections, we assume

that only the investors have information about the fundamental shock As and the sunspot z.

5 More implications

5.1 Non-linear Asymmetric Equilibria

So far we have focused on symmetric equilibrium for the sake of tractability. We now consider the

possibility of asymmetric equilibria, which can be appealing for example if prices are generally more

18We owe this summary to the referee.
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informative when fundamentals are strong. Also, asset price collapses can sometimes occur with
a small change in economic fundamentals (see, e.g., the evidence documented by Culter, Poterba,
and Summers (1989)). Several studies (e.g., Yuan (2005) and Barlevy and Veronesi (2003)) have
attempted to explain this asymmetric and nonlinear response in asset prices in a framework of
informational frictions in an exchange economy. We now show that our sentiment-driven equilibria

can also generate such asymmetric responses in asset prices in a production economy.

To illustrate the intuition, we first consider a simple case. We conjecture that the equilibrium

price takes the following form:

, loga + (1 — a)fay ifas >0
og Py = a1, , 24
507N loga+ (1— a)flog [q;f(fg ”))] if as < 0 (24)
2 a
@(—%O’a)

where @ () denotes the c.d.f. of the standard normal distribution. As

Lo < 1, it follows
that log Py < loga iff ay < 0. So, from the price log Py given by (24), the workers can infer
perfectly whether as < 0 or not. We now verify that the price given by (24) indeed forms a
rational expectation equilibrium. After observing the price log Py > log «, the workers can infer
that as = (log Py —log )/ ((1 — «)f). In this case, the workers face no uncertainty and hence their
labor supply is log N1 = fas according to equation (10). By (11), the asset price is hence given by
(24). On the other hand, if the workers see that the financial price is below log «, they know for

1,
sure that ag < 0. Their rational expectation of Ag is thus E[As|Py] = E[Az]A2 < 1] = ii(fa ‘;) by
2 a

0
} according to (10).

@(—%aa)
@(%UQ)
By (11), the asset price is hence verified to be (24). To summarize, when az > 0 the equilibrium is

the property of lognormal distribution. So their labor supply is N; = [

fully revealing; when as < 0 the equilibrium is non-revealing.'

Despite its simplicity, the above example provides two general insights. First, by construction
the price is more informative when the fundamentals are strong. Second, the price is discontinuous
in the fundamental value measured by ao. There is a discrete jump around as = 0. That is, a large

fall in the asset price occurs with a small decrease in ag around az = 0 if (1 — «)f or o, is big.
Now we consider non-linear asymmetric sentiment-driven equilibria. Again, we are interested
in an equilibrium with

1 1— ) if ag >0
IogPoz{ oga+ (1—a)bay if ag > (25)

loga +plag,z) ifaz <0
where z is the sentiment and p(ag, z) is some nonlinear function. The difficulty of constructing
such an equilibrium lies in that both the distribution function of z and the price function p(-) have

to be consistent with rational expectations. Denote by f(z) the density function of z. Conditions

9That investors believe that the real side of the economy is asymmetrically affected by fundamentals a2 when
a2 < 0 and a2 > 0 can be for reasons suggested by Jin and Myers (2006) and Bleck and Liu (2007).
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(10) and (11) imply that a rational expectation equilibrium must satisfy
plaz, 2) = (1 — a)0 log Bl exp(aa) [p(aa, )] < 0, (26)

for all as < 0 and all possible z. Since the distribution of z can in principle be arbitrary, it
is impossible to give a complete characterization of all nonlinear asymmetric equilibria. And in
general, the equilibrium price function will not permit a closed-form solution. Hence, we focus on
a special case of the equilibrium which yields closed-form solutions for tractability. Suppose that z

is distributed with the following density function

0 ifz>0

flz) = _ (e+o2/2)? : (27)
L .1 o 202 if z<0

@(%aa) oaV2m

that is, z follows the truncated normal distribution of z ~ N (—%ag,

03) with z < 0. In other
words, ag and z are independently and identically distributed conditional on as < 0. We have the

following sentiment-driven equilibrium.

Proposition 6 Suppose that z has density function given by (27). There exists an asymmetric

sentiment-driven equilibrium in which the price takes the form given by (25) with

plaz,2) = (1 — a)flog (28)

exp(az) ; exp(z)} '

Proof. See Appendiz. B

Since exp(z) < 1 with probability 1, we have p(az = 07, 2) = (1 — a)flog [H%p(z)} < 0 with
probability 1. This means that when fundamental as declines from positive to negative, there is a
downward jump in the asset price with probability 1. More importantly, in the limit, the decline
is purely driven by the sentiment shock if the realized as happens to be 0~. An arbitrarily small
deterioration in economic fundamentals can generate a large crisis in the asset price and real output

under a very pessimistic sentiment shock z.

It is easy to show that there are an infinite number of non-linear asymmetric sentiment-driven
equilibria. In fact, we can assume that z = (z1, 22, ...2r) and z is i.i.d. with density function (27),

where kK = 1,2,... T'. So there are an infinite number of asymmetric sentiment-driven equilibria
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indexed by I', where

r
exp(az) + Y exp(z)

plag, z) = (1 — a)flog T :_211 . (29)

Cleary, when I' = 0, the equilibrium corresponds to the fully-revealing equilibrium in Proposition
1; when I' = +o00, the equilibrium corresponds to the non-revealing equilibrium for as < 0, as in

(24).

5.2 Contagion and Comovement

A large empirical literature has documented contagion in asset price movements (see Yuan (2005)
for a discussion of the findings in the literature). In particular, empirical evidence suggests that con-
tagion cannot be explained by fundamentals and is asymmetrical in market downturns and upturns
(see, e.g., Karolyi and Stultz (1996), King and Wadhwani (2000), Ang and Chen (2002), Connolly
and Wang (2003)). In attempting to explain the international synchronization of business cycles
during financial crises, while the theory of the credit channel proposed by Perri and Quadrini (2013)
is useful in explaining such synchronization among industrial countries, it alone cannot explain why
many emerging countries with heavy capital controls can also fall into a deep recession (Chudik
and Fratzscher (2012)). In this subsection, we use our sentiment-driven equilibrium (informational

channel) to illustrate economic contagion and comovement.

We now extend the model economy to a continuum of countries/markets indexed by ¢. For
simplicity, we assume that these countries are in autarky and there are no trade or financial linkages.

The productivity shock in country £ in period 2 is given by

log Aoy = g + age = ayy,

where g ~ N (—%0'?7, og) is a global shock that affects all country and agy ~ N (—%O’Z, O'Z) is the
i.i.d. country-specific technology shock. This setup with the assumption of an exogenous global
shock can be regarded as a reduced-form model of the two-country model with endogenous explicit

trade linkage in our working paper version of Benhabib, Liu and Wang (2014).

We assume that country 0 (for example, the U.S.) is special in that its financial price may
influence actions of the investors in other countries. This is to capture the initial trigger of the

economic contagion. For simplicity, again we assume that the investors in country ¢ know ¢ and
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asgy perfectly in period 0. So the equilibrium in each country can be characterized by
0
N1 = {E [Age| Poe, Pool}

and

Pyo = o [N{™®|g, aze, Pog, Poo) -

It follows immediately that the fully-revealing equilibrium in which log Py = loga + (1 —
a)0(g + age) and log Nyy = 6(aze + g) constitute a rational expectation equilibrium in the open
economy. In this equilibrium, contagion is purely driven by the global shock g. We now show that
an informational contagion can occur, where contagion means that a pure idiosyncratic shock in

country 0 can generate a synchronization of asset prices and real outputs across countries.

We have the following equilibrium that exhibits contagion through idiosyncratic technology
shocks. For £ =0,

log Po = loga+ (1—a)f(g + az),
logNm = 9(g—|—a20),

and for ¢ > 0,

log P - Q n i af; n +1 0203
ogrlroe = logao ( a) (¢a2€ ZZ) 7!2](9 CLQO) §U?LT9

o2 +o o2
log N (base + 2¢) + 0 % (g+ az) + ~ 70 (30)
og N1y = QAgp + 2¢ 03 +U§ g+ ao 202 +U§ )

with ¢ = g + 7W, where zp ~ N (O,Ug) is the sentiment shock in country ¢ > 0. In the
above equilibrium, the workers in country ¢ > 0 infer the global shock ¢ from price Py and the
local shock ag from price Py, (together with Pyy). In other words, local price Py, does not provide
any additional information regarding g beyond what Py provides; price Py, only provides noisy

signals (with sentiment noise) about agy.

o2o2
o2+o2

0.2
In the extreme case of o, = 0 and ¢ = 0, we have log Py; = log a+(1—)f 0274_902(g + agg) + %
aT0y

2
a

2 2
and log N1y = 60 [0(21074;3(9"‘ a) + 3 '

o2+o2

uninformative and country 0 and country ¢ are perfectly synchronized. Country 0’s idiosyncratic

] for £ > 0, that is, local price Py becomes completely

technology shock, agg, affects other countries. The intuition behind the above equilibrium is the
following. In the open economy, the asset price in country 0 essentially becomes another sunspot
for investors in country ¢, in addition to their country-specific sentiment shock. In the above equi-

librium, investors in country £ > 0 “overreact” to the asset price in country 0. Investors in all other
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countries believe that workers in their country think recessions in the U.S. will have a global impact.
With this belief, investors in country j will ignore local shock asy and try to short capital when
they see a fall in the asset price in the U.S. caused by idiosyncratic shock agg. They will therefore
push down the capital price in country 7, as these investors are afraid that workers in their country
will reduce their labor supply and thus lower the return on capital. When the workers see a fall in
capital prices Pys and Py, they will partially attribute the fall in the asset prices to a global shocks
g, leading them to reduce the actual labor supply. So investors’ perception of synchronization leads

to actual synchronization.

In Appendix B, we also provide an asymmetric sentiment-driven equilibrium that exhibits con-

tagion.

6 The OLG Model

In this section, we extend our baseline model to the OLG framework. We show that our sentiment-
driven equilibria are robust to a dynamic setting, and we derive additional economic insights.
First, the OLG model provides a dynamic equilibrium setting to study the process of saving and
capital accumulation. As in the baseline model, we study the sentiment-driven rational expectations
equilibria. The difference lies in the dynamic setting where the current savings of workers become
the capital stock in the subsequent period. The capital stock therefore is dynamically linked
across periods through savings. Its accumulation, as well as output and employment, is therefore
driven not only by the private future productivity signals received by investors, but also by their
sentiments. Second, the OLG model delivers novel implications for asset prices over the business

cycles.

Timeline In each period ¢, there are five stages:

Stage 1: (Information) The old generation of workers become investors (capitalists) and a new gen-
eration of workers are born. Both capitalists and workers know the history A~ = {AT}tT_:lo
and the current-period A;. Only capitalists receive private signals about A;41 to be realized

in the next period.

Stage 2: (Capital trading among capitalists) Capitalists trade capital among themselves in a fi-
nancial market before production based on the historical information A?, their private signals
about A;y1, their private signals about sentiment shock z;, and the capital price P,. The

sentiment shock has prior distribution z; ~ N(0,02) and is i.i.d. across time.

Stage 3: (Production) Based on their capital stock, wage W; and productivity A, capitalists hire

workers and produce. By inferring information about A;y; from prices P, and Wy, workers
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decide on their labor supply.

Stage 4: (Consumption) Capitalists obtain their production revenue net of labor cost, clear the
balance (if any) of capital trade in the current period and the balance (if any) of bond trade

in the previous period, consume and then die. Workers obtain their labor income.

Stage 5: (Savings of workers) Workers can save their labor income in bonds or invest in capital. A
bond that has claims on consumption units in stage 4 in the next period is traded. Workers
use their labor income to purchase the bond or short the bond. The balance of their income
is invested in capital for the next period. The net supply of the bond is 0. The economy

repeats stages 1 to 5 in the next period.

In this section, we assume that agents have a risk-averse utility function (specifically, Epstein-

Zin preferences). An agent’s lifelong utility function is

N1+'7

1
U (Ni, Crpr) = =97 + (BOL)

where Ny is his labor supply as a (young) worker in period ¢, Cyy1 is his consumption as an (old)

capitalist in period ¢t + 1, and parameter p < 1 measures risk aversion.

Compared with the baseline model where Ky = 1 is exogenous, we may think that in this section

K is endogenized and also a bond market is introduced.

Investors (Capitalists) In this section, for simplicity, we assume that there are no firms.
Instead, a capitalist (investor) directly hires workers to produce. This is equivalent to the case
where each capitalist owns one firm which hires workers to produce. The value of the firm is the
capital income of the firm’s owner — the output (revenue) of the firm minus its labor cost. Trading

capital is equivalent to trading the value (shares) of a firm in the financial market.
Let us first consider the problem of capitalist j who receives private signals a;41+¢j; and z;+0d
(where log A¢y1 = az11); that is, his information set in stage 2 is Q;; = { Ky, Pr, AY, agr1+€je, 26+01 )

He solves

-

Vi(eje, 0jt, Kji) = max (E [le‘)t|th} ) ’ (31)

where

Cjt = FiMj; + max [At(Kjt — M) " Nj — Wtht} : (32)
J

We explain (32). In stage 2, the capitalist can sell M;; < K; to other capitalists and keep K; — Mj;
for production. In stage 3, the capitalist hires labor, Nj;, and produces according to production

function

Vi = A(Kje — Mj)* N, .
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So the first term of Cj; in (32) is the income from selling capital in stage 2 and the second term
is the capitalist’s production revenue net of labor cost (or his net capital income of production) in
stage 3.20 It is easy to verify later that a capitalist faces no uncertainty about his consumption

level Cj; given his information set €, so (31) can be written as
Vi(eje, 0t Kje) = max B [Ce|{] (33)
it

We work by backward induction from stage 3 to stage 2. In stage 3, given Kj;, M, Wy and Ay,

capitalist j’s first-order condition with respect to Nj; in (32) is

Nji = {W]a (Kt — Mje). (34)

From (34), we see that given W;, a capitalist’s labor hiring is in proportion (linear) to his capital

stock, Kj; — Mj;. By substituting (34) into (32), Cj; becomes
Cjt = Ptht + ant, (35)

where

1—
Yi = A, [At(l — Q)

}“a (K — Myo). (36)

The second term of Cj; in (35) is capitalist j’s production revenue net of labor cost or o proportion
of his production revenue Yj;. The production revenue (output) is given by (36), a linear function
of his capital holdings, K;; — Mj;. The linearity of (36) will determine that the production across

capitalists can be aggregated and an aggregate production function exists. We then move to stage
l—a

2. Let Ry = oAy [%;a)] . The optimization problem in stage 2, (33), is transformed to
Vi(ejes jt, Kje) = max B [BeMjp + Re(Kje — Mye) |e] - (37)
it
The first-order condition with respect to Mj; implies

P, = E[R|Qj4] . (38)

It will be shown that the aggregate labor supply N; and thereby R; are a function of P; and thus
P, = R;. So the solution to (37) becomes

Vi(eje, 0jt, Kjt) = ReKjy. (39)

20 Although the selling of capital takes place in stage 2, the receipt of income from this sale will be in stage 4.
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Workers Workers are assumed to be homogeneous and have common information set €2;; =
{Wy, P;, A, K} in stage 3. We analyze the decisions of a representative worker by backward
induction from stage 5 to stage 3. In stage 5, after obtaining his labor income, the worker can
purchase the bond or invest his income in capital for the next period. Let B; be the unit of bonds
held and K1 be the capital savings (after trading the bond). Denote the bond price by Rift’ where
Ryy is the bond yield.?!

The worker’s consumption in period ¢ 4+ 1 from his bond claim is B;. The worker will become
a capitalist in the next period with private information a;;o + ¢’ and z;41 + 6’. His expected
consumption from capital savings perceived at the beginning of the next period is thus given by
Vir1(¢/,0', Kiy1) = Rey1Kyiv1 based on (39). Therefore, the worker’s total consumption in period
t+1is
Ciy1 =B + R Ky,

with budget constraint
1
Bi—— + K11 < WiNy.

Ry,
Denote the ratio of capital savings by s; = Vléz}rvlt The representative worker’s problem thus can be
written as )
N} 1—s) Ry \" ’
max — y—— + N;W; |max [ E ( ) By | , (40)
Nt L+7 st st Rt

where the second max is about the bond trade decision in stage 5 and the first max is about the

labor supply decision in stage 3. Finally, the zero net supply of the bond means that in equilibrium
St = 1. (41)
The first-order condition with respect to s; in (40), together with (41), gives

—Cov (g1, Reg1]|is)

E[Re1|Qu] — Rpr = B [y 11 00]

~1
where my 11 = pCy,

or

R — B [Rfﬂmit]
ft - p—1 N

E [Rt+1 |ta}

Then, the first-order condition with respect to Ny in (40) implies

1
Ny = Wi (B[R, [Qu])”
1
= Wi (B[R}, |P:, Ay, Ky]) 7 (42)

2I'The bond traded in period ¢ has price R%ct (units of consumption goods) and is endowed with the claim of 1 unit
of consumption goods in the next period ¢ + 1.

27



In (42), since W4 is a function of NV; and Ky, the information set Q;; = {Wy, Py, Ay, K} is effectively
equivalent to { Py, Ay, K }.

Now we derive the aggregate production function. In equilibrium, we have

/ Mjdj = 0.

As all the capitalists start with the same level of capital, Kj; = W;_1N;—1 = K. By (34), the labor

market equilibrium condition thus can be written as

1
. At(l — Oé) o
Ny= [ Nydj = |——=| K;. 43
t / Jt4 [ W, t (43)
From (36), the aggregate production can be written as
A1 =
Y, = / Yjidj = [t(W_O‘)] A, (44)
t
Equations (43) and (44) together imply
Y; = AL KON,
So
Wi =(1— )AL KN and Ry = AKX N2, (45)
Capital evolves as
Kioi=0—-a)Y;=(1-a)A KN (46)

Applying (45), equation (42) becomes

D=

—(1—a)a 1—a)® ajo o
Nt(v+1) (1-a) :u[Ath] {E[(AtHNl )p]Pt,At,Kt”

1/) t+1 (47)

By normalizing 9 'a(1 — @)® = 1 and denoting § = as in (10), we obtain a key set of

1
Y+Hl—(1—a)a
equations in equilibrium (we denote x; = log X}):

0
ne = abap + o0k + ;logE lexp (pat+1 + p (1 — &) nys1) |pe, at, ki) (48)
kir1 = log(l—a)+ar+aki+ (1 —a)n, (49)
p = logElexp (loga+ar + (1 — ) (v — ki) |pe, as, ke, a1 + €5t 2 + 0] (50)

where (48) is from (47), (49) is from (46), and (50) is from (38). Here we have used the fact that

the relevant economic history up to the beginning of period ¢ can be summarized by a; and k.
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In fact, conditions (48) and (50) parallel conditions (10) and (11) in the baseline model, respec-
tively. The only difference in the dynamic model is the additional condition, (49), which gives the

law of motion for capital. We conjecture that equilibrium labor takes the form
ng = n° + pay + 7k 4+ (page1 + zt)

where n¢, ¢, and ¢ are coefficients to be determined. Proposition 7 summarizes the equilibria.

42
Proposition 7 There exists a continuum of equilibria indexed by 0 < o2 < %Jg, in which the

price p; 18 given by

pe=log Ry = floga+ (1 —a)n T+ [1+ (1 —a)glar+ (1 —a) (7 = 1)k + (1 — a) (Part1 + 2)

and
ne = n° + par + ke + (Parr1 + 2t)
kty1 = log(l — Oz) + ar + ak: + (1 — a) i
Yy = ar + aky + (1 — ) ny,
where
2 2
1 «a 1 «a «a
B [7(1_0029 - m] - \/|:(1—oc)29 - m] —4 (ﬁ)
= 2
_af+ (1 —a)mf
LA R G p——
. T 452
0+4/0 — =% . 14 (1 —
PO S M L AU Gl )
2 1-0(1—a)?n
and
. 01 —a)rlog(l — )+ 30020 + Lp0(1 — )02
n =

1-01—a)[1+7(1—a)

with © = p[(1 - @) = (1= )] + (1= %) (p[1+ (1 = )¢l = L1+ (1 - a)g]).
Proof. See Appendiz. B

The intuition behind Proposition 7 is similar to that in our baseline model. While a;y directly
affects the workers’ return on savings, its effect on existing capitalists (the old generation) is only
through an indirect general equilibrium channel. If high sentiments lead capitalists to speculate
that the output and hence the demand for capital will be high in period ¢, competition will drive
up the capital price P;. After observing a high price P;, the workers in period ¢ will need to solve a

signal extraction problem, leading them to attribute the high price P; partially to high productivity
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in the next period. High productivity in the next period increases their incentive to supply labor
in the current period. So output and the demand for capital will indeed be high in period ¢t. The

initial conjecture of the existing capitalists is thus verified.??

Three remarks on the OLG equilibrium are in order. First, if we set 0, = 0, then ¢ has two
solutions, 0 and 0. It is easy to verify that the fully-revealing equilibrium (corresponding to o, = 0
and ¢ = é) and the non-revealing equilibrium (corresponding to o, = 0 and ¢ = 0) are two special
cases of the sentiment-driven equilibria in Proposition 7. Sentiment-driven equilibria are more
likely when o2 is higher. Second, the aggregate capital stock, k;, in our model has a stationary

distribution. In fact, based on Proposition 7, we have
ki1 =[logl—a)+ (1 —a)n|+[1+(1—a)pla+[a+ (1 —a)n|k + (1 — a) (par+1 + 2t) -

We prove that 7 < 1 and therefore 0 < a+ (1 — ) ™ < 1 (see the appendix). Third, the assumption
of the utility function with risk neutrality versus risk aversion (i.e., p = 1 versus p < 1) affects the
equilibrium by altering the constant coefficient n° only but not the other coefficients (¢, 7 and ¢).
In fact, p appears only in the constant term n¢ in Proposition 7. The most important reason for

introducing the risk-averse utility is to derive the asset pricing implications, to be analyzed below.

Now we proceed to discuss implications of the OLG model.

Implication 1: Persistence in business cycles Proposition 7 shows that i.i.d. sentiment
shocks can generate persistent fluctuations in output and unemployment. Concretely, a sentiment
shock z; in period ¢ influences the labor supply in period ¢ (that is mn;), which in turn affects
the capital level in period ¢ + 1 (that is k;1). Because the OLG economy is dynamically linked
across periods by capital accumulation, z; can have a persistent effect on asset prices, output and

unemployment.

Implication 2: Asset prices over business cycles (cross section) We derive the risk pre-
mium in our model, which is defined as Ar; = log E [R;11|2] — log R¢;. We have the closed-form

solution of it.

22The equilibrium can be implemented following the approach analyzed in Section 4.1.
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Corollary 1 The risk premium is given by

C
Ary = (1-p)Cov <10g g;l’log Rt+1|Qit> = (1 - p) Var (log Re1|Qir)
(1=p) { Var ([1 4 (1 — @) ¢| agr1|pai+1 + 2¢) }

FVarl(1 - ) (Barss + 2s1)]

2.2
049

2
¢ 0s+ 03

— 1) {[1 - a)el? T (1- a)? (¢ +az)}, (51)

2

which is increasing in o2 when ¢ is decreasing in o>.

Proof. See Appendixz. R

Corollary 1 implies that if ¢ as a function of o2 takes the form ¢ = (corresponding

2
to the upper branch of the curve as in Figure 3), the risk premium is increasing in sentiment
volatility. Our model hence gives a novel implication of sentiment volatility-driven risk premia, one
that depends crucially on the mechanism of the feedback between financial markets and the real
economy. Namely, the sentiments in financial markets affect the real economy and thus influence
aggregate consumption and asset returns, which in turn impact the risk premium. Corollary 1 gives
cross-sectional predictions. The model predicts that an economy with higher investor sentiment
volatility in financial markets (i.e., higher o) will have a higher risk premium in asset returns. The
intuition behind Corollary 1 is as follows. Return R;y; in the next period t + 1 depends on a;11
and ny41. In period ¢, workers can infer information about a;y1 from py, a;, k; and effectively from
¢ay+1+ 2z, but has no information about n;y1 which is a function of ¢a;42+ 2,4+1. So the conditional
variance of R,y depends on conditional variance Var ([1 4+ (1 — &) ¢] ai+1|part+1 + 2:) and variance
Var[(1 — a) (¢pai+2 + ze+1)]. Higher sentiment volatility results in lower informativeness about a1

and hence higher conditional variance of R;41, which leads to a bigger gap between the mean of

R;11 and its certainty-equivalent value or a higher risk premium.

Implication 3: Asset prices over business cycles (time series) In the OLG model so far
(Proposition 7), the sentiment volatility (o.) and the risk aversion (p) are invariant across time.
So the risk premium is constant across time for a given equilibrium path. A direct time-series
implication (based on Corollary 1) is, therefore, that if there is an unezpected shock to sentiment
volatility in the financial market (i.e., an increase in o, for example in a financial crisis), the risk

premium increases.

Now we extend the OLG model to allow for regime changes and formally model time-varying risk
premia. To highlight the mechanism and for tractability, we consider three cases. First, we consider

a deterministic process of time-varying sentiment volatility. Specifically, we assume that sentiment
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volatility, o,, has four realized values with a seasonal cycle of (02(1),@(2),02(3),02(4),0Z(1), ),
where 0(1) > 0,(2) = 0,3) = 0.(4); that is, the sentiment volatility in the first season is higher
than those in other three seasons. A possible reason for the seasonal variation in sentiment volatility
is seasonal affective disorder (SAD, also known as winter blues or winter depression), which is linked
closely with hours of daylight; experimental research in psychology has documented that SAD can
generate depression. Kamstra, Kramer and Levi (2003) show clear evidence that the seasonal SAD
causes stock market seasonality. Under the above setup, we are able to derive closed-form risk

premia.

Corollary 2 Suppose sentiment volatility has a seasonal cycle of (04,02 441, 02442, Tz443, Tz 44, o) =
(az(l), T2(2), T=(3)s T2(4) T 2(1) ) The equilibrium of the OLG model exists. The risk premium has a
seasonal cycle, which is (Ary, Arypq, Ariyo, Ariys, ATy, ...) = (Ar(l), Ar gy, Arg), Arigy, ATy, ),
where Ar(py > Arg) = Arg) > Ary).

Proof. See Appendiz. B

In a rational expectations framework, Corollary 2 provides a novel perspective to explain sea-
sonal tendencies/calendar effects in financial markets and has implications for return predictability.
Because of the feedback between the financial market and the real economy, the season with higher
sentiment volatility also has a higher risk premium. From (51), we can see that the risk premium
in the current period depends on not only the equilibrium in the current period but also the equi-
librium in the next period. Solving the risk premia under a seasonal cycle of sentiment volatility is
not trivial. Figure 4 illustrates an example of time-series risk premia, where the parameter values
are a =03,y =1, p= =3, 04 = 0.1, 0,(1) = 0.02, 0,2 = 0(3) = 04y = 0.01.%

8% T T T T T

T% -
6% - -
5% -
ﬂ?’t
A% -
3% -
2% -

1% - -

0 | | | | |
1 3 5 7 9 11 13 15 17 19 20

period ¢

Figure 4: Time-series risk premia (annualized) under a seasonal cycle of sentiment volatility o,

3 Parameter choice o, = 0.1 is to capture the large fluctuation in output in the seasonal frequency (see, e.g., Wen
(2002)).
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Second, consider the case where there is a stochastic switch between the fully-revealing equilib-
rium and the non-revealing equilibrium across time. Specifically, we assume a Markov process of

regime changes with stochastic matrix

1
qr.F qr,F (52)
gnrp 1 —gnF
where gr n is the transition probability from the fully-revealing equilibrium to the full-revealing

equilibrium and gy, is the transition probability from the non-revealing equilibrium to the fully-

revealing equilibrium. We have the following corollary.

Corollary 3 Suppose the fully-revealing equilibrium and the non-revealing equilibrium follow the
Markov process of (52). The equilibrium of the OLG model exists. The risk premium, Ary, follows
the Markov process, in which Ary is higher in the state of the non-revealing equilibrium and lower
in the state of the fully-revealing equilibrium (under a sufficient condition that |qp N — qn,F| is not
too high).

Proof. See Appendiz. B

In the dynamic rational-expectations equilibrium, the equilibrium in period ¢ needs to incor-
porate the expectation of regime changes in the future. So the equilibrium is unlike the case with
an unexpected shock to regime changes. Solving the equilibrium is not trivial and the details are
provided in the appendix. Corollary 3 formalizes stochastic time-varying risk premia. Again, our
explanation of time-varying risk premia is built into a rational-expectation framework and crucially

depends on the mechanism of the feedback between the financial market and the real economy.

Third, we consider regime changes of time-varying risk aversion (and constant sentiment volatil-
ity). Specifically, we assume that the risk aversion p has two states (p, pg), where p; < pp, and

follows a Markov process with stochastic matrix

( Sp 1= Enn ) (53)

o 1—&om

where {7 7 is the transition probability from risk aversion ppy to risk aversion py and &y, 5 is the
transition probability from risk aversion p; to risk aversion py. Workers when born know their
own risk aversion but when making their labor decisions need to form expectations about the risk

aversion of the next generation of workers. We have the following corollary.

Corollary 4 Suppose the risk aversion p follows the Markov process of (53). The equilibrium of
the OLG model exists. The risk premium, Ary, follows the Markov process, in which Ary is higher

in the regime of p = p; and is lower in the regime of p = py (under a sufficient condition that
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|§H,H — §L,H| is not too high). In particular, the variation in the risk premium across the two

regimes is increasing in sentiment volatility (o).

Proof. See Appendixz. R

In Corollary 4, it may not be surprising that the risk premium is higher when risk aversion is
higher. What we want to emphasize, however, is the amplification effect of sentiment volatility.
Only in the presence of sentiment and the feedback effect, does the time-varying risk aversion
play a large role in generating time-varying risk premia. In fact, we prove that given p; and pg
the variation (difference) in the risk premium between the two regimes is increasing in sentiment
volatility o.

Finally, we note that due to the computational constraints, we cannot obtain analytical solutions
of non-linear asymmetric equilibria for the OLG model in general cases. For some special cases

however we can show that the risk premium is asymmetric.?*

7 Conclusion

In this paper, we study how the financial sector can affect the aggregate real economy through
the information channel. In the rational expectations framework, we show that investors’ senti-
ments affect financial market prices which in turn influence real activities. Because of the two-way
feedback between the financial sector and the real sector, a small sentiment shock in the financial
market can be amplified and can have a large impact on the real economy. The sentiment-driven
equilibria also have implications for non-linear asset prices, discontinuity in asset prices, and cross-
country comovements in asset prices and real output. Under informational frictions, investors’
perception of synchronization across economies can lead to actual synchronization. In a dynamic
economy, sentiment-driven fluctuations can also generate persistence in business cycles and have
cross-sectional and time-series implications for asset prices over business cycles. The main pur-
pose of our paper is to illustrate the possibility of sentiment-driven fluctuations in asset prices and
real output. Embedding our mechanism in a full-fledged DSGE model and quantifying the role of

sentiments is left for future research.

2 Specifically, as in (24), consider the case where the equilibrium is fully-revealing when asy+1 > 0 and it is non-
revealing when a;4+1 < 0. In this case, the equilibrium in Proposition 7 becomes

ne =n°+@ar + 7k + ¢ - Ls (1) - aep1 + ¢° - Lse (avt1),

pe =log Ry = loga+ (1 — o) n“J+[L + (1 — a) plar+(1 — ) (m = 1) ke +(1 — @) [¢ - 15 (ars1) - arsr + @7 - Lse (ar41)]

with the expressions of k:y1 and y; unchanged, where S = {as4+1 > 0} and S° is the complement set of S, and n°,
p, ™, ¢ and ¢° are coefficients. Then, based on the result of Corollary 3, the risk premium Ar; is asymmetric for
at+1 > 0 and a1 < 0.
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Appendix

A  Proofs

Proof of Proposition 3: We prove that Py and N; defined in equations (14) and (15) constitute

a rational expectations equilibrium. Under (14), the first condition, (10), becomes

log N1 = 0Olog{E[A2|pas + 2|}
1
= 0 {E [az|pas + 2] + ivar(a2|¢a2 + z)} ,
where )
1 ooz 1,5
E [az|pas + 2] = ——a + o2 4 o2 <¢a2 +z+ 2¢aa>
and 5 4
2 (z) Oqa

'UG/T(G,Q‘QbGQ + Z) =0, — m
a z

Comparing terms with the conjecture log N1 = n + ¢ag + z yields

0o
o + 2 = —5———= (Ppag + 2
paz ¢20?L+0’§(¢2 )
or )
0
1= e 9% (A.1)
¢ og + 02
and 5 4
. 1 ¢>a 1 1 ¢%
nz@{—02+ ¢ 2_a}:
270" o2+ 22770 T 2T T e 4 o

Solving (A.1) with respect to ¢ gives

WhereO<a S%

Under (15), equation (11) becomes
log Py =loga+ (1 —a)log Ny =loga+ (1 — a) (¢as + z),

that is, p = 0.

Proof of Proposition 4: First, we conjecture py = u* 4+ loga + (1 — «) (paz + z), where u* is a

constant to be determined. After observing this price in period 1, workers’ information extraction
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problem is the same as that in Proposition 3, so their labor supply is still log N1 = ¢as + z. Given
this labor supply, the dividend is still log R; = log a+(1 — a) (¢az+z). Hence, we have Py = ¢ R;.

Second, conditional on a realization of Py, it is optimal for investor j to buy capital if and only
if
E (R1e"|po, sjo, Ljo) = Po

or B (e"|po, sj0,j0) > e, We express u; in terms of po, s;jo and ljo. It is easy to obtain

po—(u*+log @) L 1
Sjo—l_ia—i-jfo:uj‘—f— ((5j+€j),

¢ ¢ ¢
pof(u*+log a) L
that is, the combination, s;o — 1% + %, provides a signal about u;. Thus, condition
* —(* aﬁ—kiaz—‘rag
E (e |po, $j0,jo) > € can be transformed to ¢s; + ljo > 2 (ul_J;loga) + ¢ ¢02_2 ® “u*. This is

(17).

Third, given the demand schedule (17), market clearing implies

11—«

(a* o‘i—&—ioz—&—o‘g
pr <¢3j0 + le < ko (u*+log o) + ¢ 92”6 u*)
=d

2 1 .2 2
pr <¢s]-0 t1jp > po=luitloge) 4 T gr o0 u>
—_ —Q

. 2
Note that sjo + %0 ~ N (ag + %, o2 +o+ %) Because the market clearing equation is true for
o1 (%)O’
\/aﬁ-s—ag-s—%

Proof of Proposition 5: We show that the combination of (20), (23) and (22) satisfies conditions
(18) and (19). Note that W is a function of Ny, so given (22) we must have (21). First, because W

NS

any pg, we obtain u* =

=9

is in the form of (21), a worker can infer al! perfectly by comparing W7 with Py. The effective infor-
mation set of the workers becomes the same across workers, namely ;1 = Q; = {R1, W1, P, ag }.
So workers can make an identical decision in period 1; that is, symmetric equilibrium among work-

ers, condition (18), still applies.
Condition (18) becomes

logN; = Olog {B [As|pal + z,ad!]}

1
= 0 {E [aé + all|pad + z,aﬂ + ivar(aé + all|pad + z,ag)}

=0 {E [ad|¢ad + 2] + %var(aé!qﬁaé + z)} + Qadl. (A.2)
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We have
po7

1
E [ad|¢al + 2] = —=0% +
[az|¢as + 2] I ¢20%+a§

1
5 <¢a§ + 24 2¢a§>

and

2\2

I I 2 (¢01)
var(as|oas +z) =07 — 5.
(az|pay ) I ¢2a%+a§

Under condition (23), it is easy to verify that (A.2) becomes (22).

Next, we turn to the equilibrium condition of (19), which by substituting (22) becomes

logPy = loga+logE [exp[(1 — ) log Nq] |pal + z,ad + &
loga + (1 — a) (¢pal + 2).

This is (20), so condition (19) is verified.

Proof of Proposition 6: By (27), p(a,z) < 0. Hence the workers can perfectly infer ay if
log Py > loga. When the price falls below log o, the workers know that as < 0 and learn about
ay from price p(ag, z) and effectively from exp(az) + exp(z). Conditional on az < 0, ag and z are
independent and identically distributed. So, by symmetry we have E [exp(a2)|exp(az2) + exp(z)] =
E [exp(z)| exp(az2) + exp(z)]. Since E [exp(a2) + exp(z)|exp(az) + exp(z)] = exp(az) + exp(z), it
then follows that E[exp(ag)|exp(az) + exp(z)] = %;exp(z). Equation (28) is then obtained by
(26).

Proof of Proposition 7:  Given the price p;, the workers’ effective information set is {a¢, k¢, pai1+

zt}. Equation (48) becomes
9 0
ny = abay + o0k, + ;logE lexp (pai+1 + p (1 — @) ney1) |k, ag, dagr1 + 2] -

Substituting n¢11 = n®+ a1 + Thir1 + (parr2 + 2i+1) and using ki = log(1l — a) + ay + aky +

(1 — @) ny, we obtain

6(1 — a) [n° + mlog(1l — a)]

+[af +0(1 — a)m]ar + [0 + 6(1 — a)ma] ky + 0(1 — o) ?mny
ng = +% log B [exp [p(1 — @) (part2 + zi41)] |darr1 + 2] ) (A.3)
+%E [p[1+ (1 - a)plagr1|dast + 2]
+%%WT 1+ (1 —a)p]aii1]|paii1 + 2]
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Comparing terms of (A.3) with ny = n®+ pay + 7kt + (dar+1 + z¢) yields

_a?040(1 - a)ar
1-0(1—a)3r

or m = 0a? + (1 — a)mf[a+ (1 — a)7]. We assume that the economy is stable, which requires
(I1-—a)fla+ (1 —a)r] < 1. Because § = m, it is true that § < = or (1 —a) < 1.
When 7 < 1, we have o + (1 — a)m < 1. Hence, (1 —a) 8 [a+ (1 — a)7] < 1. We focus on the case

of m < 1. We solve the quadratic equation with respect to :
G(r)=60a*+ (1 —a)nf [a+ (1 — a)7] — 7 = 0. (A.4)

Notice that G(m = 0) = fa? > 0 and G(ﬂ' =1) =6a? + (1 —a)f — 1 < 0; the latter is true because
1 1
0 = m Y Fi—a(l—a) m Therefore, by the

intermediate value theorem, there is a unique solution of 7 that satisfies 0 < m < 1, which is

ks~ 122~ [t - o] -2 (o)’

2

and < 1o a+a2 under v > 0 and thus 6 <

m =

And ¢ is given by o101 -
a —o)m

1—(1—a)?rb’

As for ¢, we have
1+ (1 —-a)g] ¢op

1=46 .
1-6(1— a)?m ¢%02 + o2

(A.5)

We define 6 = W Thus,

2
$o4

S
¢%02 + o2

A 22 40%
o2
that is, ¢ = — V4

5 . Once we have ¢, we can solve for the constant coefficient n®:

( (1 - a)g)? )
0(1 — ) log(1 — @) + 3602 ; -l = O‘)(‘f S | e are?
. K ( —[1+ (1—am>
"= 91— [l+7(1—a)
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E[R{ |ke,ae,daiy1+2]

Proof of Corollary 1: We first calculate Ry;, which is given by Ry = B[RE, ko ardarsite]’
141 |F,at,0at 4112t

Using the expression of R; in Proposition 7, we obtain

rre = log Ry
((Nogar+ (1 —a)n + (1 —a)(r—1) ks )
—3[1+ (1 —a)g]ol + % (a1 + 022 + 3¢072)
- +5[u+«1—«w¢P02—(“j§§i§”92 2p-1)
302 [~ (1 - a)] + (20—~ 1) [(1 - )| + 3 (20— 1) (1 - @202

Next, we can work out the expectation of Ry in log, which is

log B (Ryy1lke, ar, paz1 + 022t)
loga+ (1 —a)n+ (1 —a)(r—1) k1
— (72
—3+ (1= a)g] o? + L0 (40, ) + 0.2 + Lg0?)

— $?02402 "
_ +5W+“—awfﬁ—wﬁéﬁ?”]
+%0_c21 <_ [(1 - Oé)(ﬁ] + [(1 _ Oé)¢]2) + %(1 . a)zo—z

Therefore, the risk premium Ary is

+Var[(1 — a) (dati2 + 2t41)]

oz ([L+ (1= a)plgoi)”
“ $*02 + 02

(1—a)? (02 + Uz)} .

log B [Ryq1|kt, ar, dai41 + 2] — log Ry = (1-0p) {

= (1—/)){

- u—m{u+u—wﬂ2+

Var ([1+ (1 — @) @] ary1|pai+1 + 2t) }

14+ (1—-a)p

+(1—a)? ((]5202 + 03)} (A.6)

It is easy to confirm that Ar, = (1 —p)Cov (log Cal,log RHﬂQit) = (1 —p) Var (log Ry+1|Qi)
by noting Ct“ = %RHL

Finally, we prove that the term in (A.6) is decreasing in ¢. Considering that ¢*02 + o2 =

H%qba by (A.5), we have

(4 (1 - )¢l go?)”

2
¢“02 402

+(1- a)2 (¢203 + aﬁ)

—a)? - —a)’r
= [14+(1—-a)y (¢a§){1_(19(1 _)QH)ZW_ 1 0(10 ) }
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We prove the last term in (A.7) is negative. Note that

(1-a)3d  1-6(1-a)Pr

<0
1-60(1—a)?n 6
& 0[l-a)+(1-a)ir] <1
v+
@ e —
[ +a?’
where the last step is obtained by substituting 6 = m The relation that 7 < 1_7;; Ofaz is

true if and only if G(7 = rte? ) < 0 is true, where function G(r) is defined in (A.4). We verify

\ 1—2a+a?
that G(m = lj;;iaQ) < 0 is true. Concretely,
+ a? v+ a? v+ a?
00% + (1 — a)f—" 1- - <0
o’ +(1-a) 1—-2a+a? [a+( a)1—2oz+oz2] 1 —2a+a?
2 2
o 7—1—042[ a+y _1}<0
Y+l-(1-a)a (1-a)f|[7+1-(1-a)a
& —y <0,

where the second line is obtained by substituting § = m
Proof of Corollary 2: First, we solve the OLG equilibrium. We conjecture that the labor
decision rule in season k is ng, = nok 4+ ot + Tkt + (pat11 + 2¢), where K = 1, 2, 3 and 4, and

Var (z) =02, = O'z(n). Based on (48), we have

aba; + a0k + (1 — ) G0 (k % 4)+1
_ pai+1 + p(l — )
o +% 1 ( Py <¢(k % 4)+101+2 Zt+1> > |prats1 + 2t ar
1 5% 441 [l0g(1 — @) + ar + ake + (1 — ) nel

Comparing terms with ns, = n%" 4+ ¢,.ar + 7.kt + (¢,a141 + 2¢), we obtain 7, = 7 and ¢, = ¢,

¢i03+0§(,§)

on the upper branch solution of ¢, as shown in Figure 3, so ¢, is decreasing in o). Since

where m and ¢ are as in Proposition 7. The coefficient ¢, solves 1 = 0 ; we focus

O(1) > 0x(2) = 04(3) = 0(4), We have that ¢; < ¢y = ¢3 = ¢y.

Next, we calculate the risk premium. It is easy to find the risk premium in season k is

Var ([1+ (1 — a) ] ap41|0,.a141 + 2t) }
+Var [(1 —a) <¢(k % 4)410t+2 + Zt—l—l)}
(IL+ (1 - a)¢] 6,02)°

= (1-p) {[1+(1 —a)p?o? — 202 1 o2 +(1-a)? <¢%k%4)+1‘7¢21+Uz((k%4)+1)>}'
wZa T Y a(k)

Argy = (1-p) {

(A.8)
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Now we prove that Ar(jy > Arg) = Argy > Ary). Considering that ¢i03—|—ag(n) = 9%%03,

similar to (A.7), we can transform the last two terms in (A.8) to

(+ (- i 2)?

+(1—a)? <¢%k % 44178 + Ok % 4)+1)>

¢2o2 + a (%)
[1+ (1 - a)y] (d,0%) } S+ 1 —a)] ,
= 1-0)20 1-0(1—a)?r +(1-a) [904 Pk % 4)+1 — Pi ) »
{ ' {1—(0(1—)04)% . } 1-0(1 - )’ ( )
where we have proved that the term 1_(;(_&);)02” — 1_9(10_0‘)27r is negative in (A.7). Therefore, by

¢1 < ¢2 = (;53 = ¢4, we have AT(l) > AT( 2) = AT(g) > AT’(4)-

Proof of Corollary 3: First, we solve the OLG equilibrium under regime changes. We conjecture
that the labor decision rule is n; p = net 4 pay + Tky + ¢ags1 in the state of the perfect-revealing
equilibrium and is nyn = noN + way + mk; in the state of the non-revealing equilibrium. Let
ng,r = log Ny p and ng v = log Ny .

Suppose the current state in period ¢ is the fully-revealing equilibrium. Based on (47), we have

qr,rE [(AtHNtJ:laF) | Py, Ay, Kt}

+(1—qrr)E [(AtJrl 1 N) | Py, Ay, Kt} (A9)

—(l-a)a ol —a)” e
Nt - S

By normalizing ¢ "'a(1—a)® = 1 and denoting 6 = m as in (10), (A.9) can be transformed
to
[af + 0(1 — a)7] ay arpE [exp p(1—a)not ] G, at]
= + [a?0 +0(1 — a)ma] Kk N %log ’ +(1 — a)pdagio
’ +0[1+ (1 — ) plar +(1—grp)E [exp [p(1 —a)nN] a1, ]
+0(1 — a)?mngp +0(1 — o) log(1l — )

By comparing terms with n; p = nof 4+ way + Tkt + ¢asy1, we obtain m and ¢ as in Proposition 7

and ¢:é.

Similarly, suppose the current state in period t is the non-revealing equilibrium. We obtain

{laf+0(1 — a)n]a; + [0+ 0(1 — a)ma] ky 4+ 0(1 — a)?7ny N }
B { an#B [exp [p (1 — @) n®F + p[1+ (1 = @) ¢l as1 + (1 — a)pdaya] |af] }
P +(1—qnr)E [eXp [P (1=a)nN +p[l+(1-a)y] at+1] \at]
+0(1 — a)mlog(1l — «)

Comparing terms with ny ny = noN + pa; + mk; yields 7 and ¢ as in Proposition 7.
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Next, we calculate the risk premium. Denote the rental price of capital by R; r in the state of

the fully-revealing equilibrium and by R; x in the state of the non-revealing equilibrium. Suppose

the current state in period ¢ is the fully-revealing equilibrium. The bond yield is given by

lOg th7F

QF,FE |:Rtp_‘_17F|ktuataat+li| + (1 - QF,F)E [Rtp+17N‘kt7at7at+l:|

log
qr,rlE [Rf;i}?‘kta at, at+1} +(1—-qrr)E [Rf;i]\f‘kt,at,at—i-l]
)

{floga+ 1+ (1 —a)plar + (1 —a)(m—1) k1 }

ar.FE [exp [p (1 — @) (nF + gary2)] |ke, ar, arq1]

+ (1= qpr)Eexp (p (1 — a)nN) |k, ar, arq1]

|

+(1—grr)exp[(p—1) (1 — )]

The expected capital return is given by

log B (Riy1]ke, as, agr1)

+log
{ qrrE {GXP [(P -1)(1-a) (”C’F + ¢at+2)] !kt,at,atﬂ}

|

log {qr rE [exp (11+1,7) |kt, at, 1] + (1 — qrp) Elexp (re11,n) |kt ar, az1]}

loga+[1+(1—a)g|layr + (1 —a) (m — 1) ke
1 qr,rE (exp (1 — @) (n®F + dai2)) |k, az, az1)
* og{ + (1= grr)exp [(1 — ) nN]

Hence, the risk premium in the state of the fully-revealing equilibrium is

log B (Ryy1lkt, s, at41) —log Ry p
e e L
+ (1 —qrr)exp [(1 —a) nC7N]
ar,rE [exp [p (1 — @) (n®F + ¢aisa)] |k, ar, az1] }
+(1—qrr)exp [p(1—a)n]

—lo
) ar,rE {exp [(p — 1) (1 — ) (nF + pars2)] |ke, ar, arra }
+(1—gpr)exp [(p—1) (1 — a)n®V]
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Similarly, we can work out the risk premium in the state of the non-revealing equilibrium:

log B (Ri41|kt, ar) —log Ry N
(1=pl+(1-a)¢gfol
+log{ an,FE (exp [(1 — ) (n®F + dari2)] |ke, ar) }
+(1—gqnp)exp [(1 — a)n®V]
= { an,rE [exp [p (1 — @) (n®F + gari2)] ke, ar) } . (A.11)
g +(1—gnr)exp [p(1 —a)n]
{ gy, FE{exp [(p— 1) (1 — a) (n®F + ¢asy2)] |ks, as} }
+ (1 —gnr)exp[(p—1) (1 — a)n]

If |grF — gn,r| is small enough, (A.11) is higher than (A.10). In fact, if grr = gqn,F, the other
terms are the same while the additional term (1 — p) [1 + (1 — a) ¢]? 02 in (A.11) is positive.

Proof of Corollary 4: We first solve the equilibrium of the OLG model with the Markov process
of risk aversion. We conjecture that the labor decision rule is n; p = noH +pay+ ki + (parr1 + 2t)
when workers in period ¢ have risk aversion py (regarding their consumption in period ¢ + 1) and
it is ny, = nol 4+ war + ke + (par+1 + z¢) when workers in period ¢t have risk aversion p;. Let
ng, 1, = log Ny 1, and ny g = log Ny .

Suppose workers in current period ¢ have risk aversion py (regarding their consumption in

period t 4+ 1). Their labor decision in period ¢ is

—a PH L
o btz o [ s (o) moa] OV
’ v + (1= ) B [ (AN )™ 1P AL K

Hence,

[af +6(1 — a)7]a; + [0?0 + 0(1 — a)ma) ke + 0(1 — a)?mng i

2 1o {4150 [(1— @) pygm®] + (1~ E.11) 50 [(1— ) prynt] )
neg =4 +0(1—a)rlog(l —a)

+0 [ (=311~ @)a] + o [(1 = @)9]) o2 + Sop [(1 — @)’
+2-10g B exp (py [1+ (1 — @)@ aprr) |[asr + 21, al)

\

Comparing terms with n; g = n® + pa; + 7kt + (par+1 + 2¢) yields o, m and ¢ as in Proposition
7.

Next, we work out the risk premium. Denote the rental price of capital by R;11,x in period

t + 1 when workers in period ¢ + 1 have risk aversion py and by R;y1; when workers in period
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t + 1 have risk aversion py. The bond yield in the state of p = pg is

log Ryt i
0 &g B lexp (pgrisn,n) | + 2] + (1 — Eg pr) B lexp (pgris1,n) [pa + 2]
EgaBlexp (o — 1) reprm) [¢a1 + 2 + (1 — g g) Blexp (g — 1) reg1,) [passr + 2]

E{ loga+[1+(1—a)plapt + (1 —a)(m—1) k1 }

= 1

+ (1 —a) (pagy2 + zi41) |pary1 + 2, ay
+3 2pg — 1) - Var {1 + (1 — a) gl az1 + (1 — @) (dpar+2 + z141) |dar11 + 2, ar}
S eXP[PH(l—a)”C’H]+(1—§H,H) eXP[PH(l—a)”C’L]
 expl(pgr—1)(1—a)neH ]+ (1€ 5 ) exp[(pg—1) (1—a)neL]

+ log z
H,

The expected capital return is given by

log B [exp (re41) |kt, at, darr1 + 0,24
E{ loga + [1+ (1 — @) gl apsr + (1 — @) (r — 1) ke }
+ (1 — @) (pary2 + ze+1) |par41 + 0220, ar
+3Var{[1+ (1 — a) ] a1 + (1 — ) (Parr2 + zi41) |Pasi1 + z¢, ar}
+log {&g mexp [(1 —a)nT] + (1 = & pr) exp [(1 - a)n®F]}

Hence, the risk premium in the state of p = py is

log B (Rit1|pasy1 + 022, a8, p = py) —10g Ry 1
(L=pg)Var{1+ (1 —a)glat1 + (1 — @) (pary2 + 2e41) [Par11 + 21, ar}
_ + log {§H7H exp [(1 - ) nC’H] + (1 — §H7H) exp [(1 —a) nC’L}}

97874 exp[PH(l—a)nc’H]‘f‘(l—fH,H) EXP[PH(l—a)”C’L]
H eXP[(PH—1)(1—0)”C’H}+(1—§H,H) exp[(pg—1)(1—a)neL]

—log {éH
(A.12)

Similarly, the risk premium in the state of p = py, is (A.12) with pj being replaced by p;, and {p
being replaced by {1, f.

Therefore, the difference (variation) in the risk-premium between state p = p; and p = py is

log B (Rey1ldati1 + 0221, p = pr,) — log Ry 1] — [log B (Ryy1|¢asi1 + 0226, p = py) — log Ry 1]
(g — pr) Var {1+ (1 —a)pla + (1 — ) (darr2 + 2t41) [pari1 + 2, ar}
_ N ( log {EL,H exp [(1 - a) nC’H] + (1 — fL,H) exp [(1 - a) nc’L] } )
—log {nyH exp [(1 — ) nC’H] +(1- §H’H) exp [(1— ) nC’L] }
+f (peséum) — f (priéom)]
(A.13)
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where
Eexp [p(1—a)nM] + (1 - & exp [p(1 — a)n"]
Cexpllp—1)(1—a)noH]+ (1 —=&exp(p—1)(1 —a)nL]

In (A.13), we prove that the sum of the second term and the third term is positive when ‘§L7H — §H7H‘

[ (p;€) =log

is small enough. To see this, if {; y = £y y = &, the second term becomes 0 and the third term
becomes f (ppr; &) — f (pr;€) > 0 by

sgn (aféi,£)> = sgn ({exp [(1 . a) HC’H] — exp [(1 — O[) nC,L]} (nC,H _ nC,L)) =1.

The first term in (A.13) is positive and increasing in py — p;, and o2. Note that in Corollary 1, we
have proved that the first term is increasing in 0 when ¢ is decreasing in 2. Overall, (A.13) is

positive and increasing in o2 given py and p;.

B Asymmetric Sentiment-driven Equilibrium in Section 5.2

Here we construct an asymmetric sentiment-driven equilibrium that exhibits contagion. For ¢ = 0,

low P loga+ (1 — a)0(g + azo) itg>0
0800 = logoz—i—(l—a)@log[%;xp(zo)} if g<0

and
0(g + aze) if g>0

logNloz{ 910g [W} 1fg<0 ’

where zg is the sentiment shock in country 0 with p.d.f. as

0 ifz>0
f(z0) = _Leotog/2? ;
1 1 202 3
3oy -Ugme § if z<0
for £ > 0,
loga+ (1 — a)f(g + age) ifg>0

poe = log Py { loga + (1 — a)flog [w} + (1 —a)(page + z¢) ifg<O0

and

lou N (g + aze) if g>0
(0] = s
g Nig 01og [Wﬂ} + (page + z) ifg<0

/0252 _ 2
with ¢ = g + %’ where zp ~ N (0, ag) is the sentiment shock in country ¢ > 0.

The workers in each country can infer whether ¢ > 0 or g < 0 by looking at the dispersion
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of asset prices across countries ¢ > 0. Notice that dispersion of pos is SD(por) = (1 — a)fo, if
. . 0o
g > 0 and SD(py) = (1 — a)y/¢?02 +02 if ¢ < 0. Since ¢2ad;;fa§ = 1 and ¢ < 6, we have

(1—a)y/d?02 + 02 < (1 — a)fo,.

In the extreme case of o, = 0 and ¢ = 0, the above equilibrium becomes

loga+ (1 — a)f(g + age) ifg>0

log Py =
8 Lol {loga—i—(l—a)ﬁlog{e’(p(g);m(zo)} if g <0

and
0(g + aze) ifg>0

B.1
Hlog [GXP(Q)'EGXP(ZO)} if g<0 ( )

log Nop = {

for ¢ > 0.

In such an equilibrium, when g > 0, the equilibrium is fully-revealing; when g < 0, the financial
prices across countries £ > 0 are perfectly synchronized.?> When workers in each country observe
perfectly synchronized asset prices, they infer that g < 0 with probability 1; their information
extraction leads to their labor supply as in (B.1). The intuition behind the above equilibrium is the
following. Investors in the financial market in country 0 as well as in country £ > 0 “overweight”
the impact of the global shock g when g < 0. The extreme case helps highlight the intuition more
sharply. In an economic downturn, investors perceive that the global economy is fully synchronized
and local shocks do not matter. Under the information frictions and the feedback effect, investors’
perception of synchronization leads to actual synchronization. The financial prices and the real
output in period 1 across countries become fully synchronized. In this sense, sentiments in financial
markets can amplify the cross-country comovement because country-specific shocks are “ignored”

by the investors.
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